Laplace Transforms of Derivatives
Laplace Transforms of the Derivative of f(1)
IFL{f(1)} =F(s) then L{f (1)} =sL{f(1)}-(0)=sf (s)-f(0)

Proof: By the definition L{f(T)}=Te‘s*f(f)df=1?(s)—>(1)
0

00

Now L{f'(1)}=[e s"f(t)dt
0

o0
0 o

L{F(H) =[0-F(0)]+s e (1) dt =sL{F(1)} —(0)
0

Laplace Transforms of the nth order of Derivative of f(1)

L{f(D]=s"L{f(1)} -5 £(0)-s"2F(0)-"3F(0) ..~ 1(0)

Proof: Let f(1) and its derivatives f'(1),f"(1)....f*(t) are continuous functions for all t>0
We prove this by mathematical induction method
We know that L{f’(T)} :sL{f(T)}—f(0)=s1?(s)—f(0) i.e. theorem is true for n=1

Now L{f”(f)}=L{(f'(+))’}=sL{f'(f)}—f'(0)==s(sL{f(f)}-f(O))-f'(O)=52L{f(+)}-sf(0)-f'(0)
L{f(+)]|=s°L{f(1)} -sf(0)-f/(0)

Theorem is true for n=2
L{f’”(f)}:L{(f"(*r))'}:sL{f”(T)}—f”(O):s(szL{f(f)}—sf(O)—f’(O))—f"(O):s3L{f(f)}—szf(O)—sf’(O)—f”(O)
L{f"(1)}=sL{f(1)}-s*f(0)-sf'(0)-"(0)

Theorem is true for n=3
By induction the theorem is true for VneN.

ie. L{f"(D)]=s"L{f(1)}-s"F(0)-s"2F(0)-5"*F'(0)-..—F"(0)
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Problem: Using Laplace transforms of derivatives, find the Laplace transforms of (i) tCosat

(i) % (iii) Find L{c"jf}, if L{Simt)= \/;3 ois

2s?

Solution: (i) tCosat
Let f(t)=1Cosat=f(0)=0
f'(t)=—atSinat+Cosat=f'(0)=1

f”(T)=—a(aTCosaT+Sina‘r)—aSina‘r=—205inm‘—azf(‘r)
Now L{f'(t)}~L{-2aSinat-a*f(1)|

a
2

=-2a
$?+a

~a’L{f(1)}

9.2
_ 522+°02 ~QL{f(1)

By Laplace transforms of derivatives L{f”(‘r)} =52L{f(1')}—sf(0)—f’(0)

-2d°

s +a®

~a?L{f(1)} =s*L{f(1)} -s(0)-1

2> s*-a®
:>(52+02)L{f(’r)}=1— 7= 2
s“+a° s“+a

2 2
= L{f(T)} =—(:‘2 +:2 7

Let f(1)=\t=£(0)=0, f(t)=——
2t

By Laplace transforms of derivatives L{f’(T)} =sL{f(T)}—f(O)

2

L{(#)}=sL{\ﬁ}—f(O):%L{[%J}=Sri;:l)_0

i)
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(iii) Find L{@\sﬁﬁ} if L{Simﬁ} - fi et
Given |_{smxﬁ}=£’§eii )
2s2
Let f(t)=Sint
Cosf
2\t

By Laplace transforms of derivatives L{f’(T)} =sL{f(-r)}_f(o)

Lo fon-

1, [Cosvt|_ _r g
EL{T}:S e

=f(t)=

and f(0)=0

Multiplication Theorem
Laplace Transform of t.f(t)

Theorem: IfL{f(1)}=f(s) then L{t. f(‘r)} {f('f)}=;—j‘?(5)

Proof: By the definition L{f(f)}=1?(s)=je_5ff(‘r)d‘r—>(1)
0
Differentiating (1) w.r.t. s, we get

dz _iw -st _w i -st _w _4\,—St __w —st
Ef(s)_ % g e STf(H)dt= cj)f(t) 3s° dt—(];f(f)( e s dt= g e ST(Hf(t)dt
d - d-
Ef(s)=—L{f.f(T)}:L{T.f(f)}=—£f(s)

L{t. f(’r)} {f(T)} f (s)

n _—
Note: In general, L{'r" .f(f)}:(—1)":_nf (s)
s
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Problem: Find i) L{tSin3tCos21} i) L{t?sin2t} i) L{te™"Cosh]

iv) L{‘rze'z*CosT} v) L{TeZ*Sin3T} iv) L{Tze'*Cosz’r}

Solution: i) Let f(+)=Sin3tCos2t
1, 1. ,
f(T)=§(ZSm3TC052T)=§(Sm5'r+$|m‘)

Now L{TSinS‘rCosZ‘r}=%L{1’(Sin5f+ Sin‘r)}
=%[L{TSin5T}+L{TSinT}]

1) -d, (.. d, (.. -d d-
-3 L {sinst}- L {sim) L= 2L - e

 2|ds(s?+25) ds(s?+1
__Yf_-tos ) [ -2s
21\ (s?+25)% ) | (s®+1)?

. 1 10s 2s
L{TSm3TCosZT} =E{(sz 257 + = +1)z}

ii) Let f(t)=Sin2t

2¢. 2 & e n o d"
Now L{t?sin2t}=(-1) -~ Hsin2n} LAl =-D )
S S

E 2,
ds?\s?+4) ds{(s?®+4)?

=2[(52 +4)2(=2)—(-25)2(s° +4)25J

(s®+4)*

2 2 2
_4(s? 4+ 4) =S —4+4s _4 3s°-4
(54 )( (s?+4)* (s?+4)°

2 o4l 35°-4
L{T SmZT}—4((SZ+4)3J
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iv) L{e_Z*TZCos‘r}
Let f(t)=t*Cost

L{f(t)}=L{+2c°s+}=(—1)2i {(Cost)}
d

L
&2
ds?\s? +1

d (sz+1)(1)-s(25)]

“ds (s?+1)

_d s?+1-2¢2
ds{ (s +1)?

_d[ 1-s*
ds{ (s% +1)2

=[(32 +1)2(~25)—(1-52)2(s? +1)25]

(s? +1)?

_& +1)[(52 +1)(-25)-(1-5° )45]

(s2 +1)4

[ -2s-2s-4s+4s°
(s?+1)°

_ 253 —6s
(s2+1)3

3
L{(H)} =1?(s)=[25 ‘65]

(s2 +1)3

2(s+2)%-6(s+2)

L{e—z*tZCOST}=L{e_2Tf(t)}= flera)- ((S+2)2+1)3

By First Shifting Theorem L{e_“f(‘r)}=1?(s+a)

Division Theorem
Laplace Transform of f(1) by t

Theorem: If L{f(1)|=F(s) then L{@}:TL{f(f)} ds-[F(s)ds

Proof: By the definition L{f(‘r)}=1?(s)=Te_5*f(‘r)df—>(1)
0
Integrating (1) w.r.t. s from stow we get

TF(s)ds=T(Te-S*f(f)deds=°f[°fe-5*dst(+)df

s\0 O\s
OJ? e—ST
ol -t
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st

] f(f)df=T[O+e_ Jf(f)df
s 0 T




0

[f(s)ds

of?(s)ds=Te‘S*(f(T)Jd’r L{f(ﬂj}

{f(:)} JL{F(H)} ds-= jf(s)ds

Problem: Find (i) L{e

B e—b‘r

= L{f(‘r)} = L{e""r —e’b*} L

Solution: (i) Let f(t)=e '

—f(S)

By division theorem L{f(ﬂ} OJ? f(T) ds= jf(s)ds

e

:[log(s-a)-|og(s+b)]:° :{Iog[;;gjl

(ii) Let f(T)=Sin3‘rCosT=%(2Sin3‘rCos‘r)=%(Sin4f+5in2‘r)

1 4 2

} (i L{Sin3:€osf} ()L{l Cosat} ) L{1_:j

1.

1

:L{f(f)}=§L{(sm4f+sm2f)}=l(

2142 2122

By division theorem L{f(ﬂ} jL{f(T)}ds jf(s)ds

L{SinS‘rCos‘r} T( 2
T s2+42 2422

=%[(Tan‘1 (c0)+Tan™ (oo)) —(ZT(.m‘1 (%) +Tan™ (%))] =%[(n—Tan‘1 (

[ cvaT

Hete
s?+4% &

J=F(S)

+2°

o2y o (g e (2)[’

T (g [5f{cor{z)-cor 3]
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(i )L{l Coscn”}

Let f(t)=1-Cosat

= L{F()-L{(1- COSGT)}z[l

By division theorem L{

] f(s)

S+Cl

@}{L{f(t)} ds{?(s)ds

o0

L{I—Coscn‘}:j(l
T s\s

An 2 (2
—z_logs log(s +

1 2s _ 1 2 2
252+02st{logs—zlog(s +a )}

s

OZ)T _1 log s w:l log 1
s 2| Tlf+d® )| 2 149
s

1 1
="llog(1)-I
5| log(1) 09(“

[ cvaT

S
1-Cosat| 1
L{ " }—Elog[

:E.Zlogs —%Iog(s2 +a? )}

00

S

1 1
=3 Iog(l)logLJrazJ
SZ

o0

S
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