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LLaappllaaccee  TTrraannssffoorrmmss  ooff  DDeerriivvaattiivveess  
LLaappllaaccee  TTrraannssffoorrmmss  ooff  tthhee  DDeerriivvaattiivvee  ooff  ff((tt))  

TThheeoorreemm:: If  L f(t) f(s) then    L f (t) sL f(t) f(0) sf(s) f(0)      

PPrrooooff:: By the definition   st

0
L f(t) e f(t)dt f(s) (1)


    

Now   st

0
L f (t) e f (t)dt


                

  st st
0 0

L f (t) e f(t) e ( s)f(t)dt


                           
b bb

a
a a
u(t)v (t)dt u(t)v(t) u (t)v(t)dt       

   st

0
L f (t) 0 f(0) s e f(t)dt sL f(t) f(0)


          

 
  
  
LLaappllaaccee  TTrraannssffoorrmmss  ooff  tthhee  nntthh  oorrddeerr  ooff  DDeerriivvaattiivvee  ooff  ff((tt))  

TThheeoorreemm:: Let f(t) and its derivatives nf (t),f (t)....f (t)  are continuous functions for all t 0 then 

   n n n 1 n 2 n 3 n 1L f (t) s L f(t) s f(0) s f (0) s f (0) ... f (0)           

PPrrooooff:: Let f(t) and its derivatives nf (t),f (t)....f (t)  are continuous functions for all t 0  

We prove this by mathematical induction method 
We know that    L f (t) sL f(t) f(0) sf(s) f(0)      i.e. theorem is true for n 1   

Now            2L f (t) L f (t) sL f (t) f (0) s sL f(t) f(0) f (0) s L f(t) sf(0) f (0)               

   2L f (t) s L f(t) sf(0) f (0)     

Theorem is true for n 2  

           2 3 2L f (t) L f (t) sL f (t) f (0) s s L f(t) sf(0) f (0) f (0) s L f(t) s f(0) sf (0) f (0)                   

   3 2L f (t) s L f(t) s f(0) sf (0) f (0)       

Theorem is true for n 3  
By induction the theorem is true for n N.   

i.e.    n n n 1 n 2 n 3 n 1L f (t) s L f(t) s f(0) s f (0) s f (0) ... f (0)           
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PPrroobblleemm:: Using Laplace transforms of derivatives, find the Laplace transforms of (i) tCosat    

(ii) 1
t

  (iii) Find Cos tL ,
t

  
 
  

 if   1
4s

3
2

L Sin t e
2s


  

 
SSoolluuttiioonn:: (i) tCosat  
Let f(t) tCosat f(0) 0    

f (t) atSinat Cosat f (0) 1       

  2f (t) a atCosat Sinat aSinat 2aSinat a f(t)       

Now    2L f (t) L 2aSinat a f(t)      

 2
2 2

a2a a L f(t)
s a

 


  

 

 
2

2
2 2
2a a L f(t)

s a


 


  

By Laplace transforms of derivatives    2L f (t) s L f(t) sf(0) f (0)     

   
2

2 2
2 2
2a a L f(t) s L f(t) s(0) 1

s a


   


 

 
2 2 2

2 2
2 2 2 2
2a s a(s a )L f(t) 1

s a s a


    
 

  

 
2 2

2 2 2
s aL f(t)

(s a )


 


 

 

(ii) 1
t

 

Let f(t) t f(0) 0,    1f (t)
2 t

    

By Laplace transforms of derivatives    L f (t) sL f(t) f(0)    

   
1
2

1
2

1

11 1 1L sL t f(0) L s 0
22 t t s 

                                
 

3 1
22

1
21 1 1 1 1L s L

2 t t sss

                               
 

 
 
 
 
 
 
 
 
  



CCVV&&TT                                                    CCoommppiilleedd  bbyy::  MMaaggiisseettttyy  HHaarriikkrruusshhnnaa    
                                                                                                                                                                                                                      MM..SScc..,,  BB..EEdd..,,  MM..PPhhiill..,,  ((PPhh..DD..))                                                                      28 

 

(iii) Find Cos tL ,
t

  
 
  

 if   1
4s

3
2

L Sin t e
2s


  

Given   1
4s

3
2

L Sin t e (1)
2s


   

Let f(t) Sin t   

Cos tf (t)
2 t

  and f(0) 0   

By Laplace transforms of derivatives    L f (t) sL f(t) f(0)    

 Cos tL sL Sin t 0
2 t

    
  

 

1
4s

3
2

1 Cos tL s e
2 t 2s

    
  

 

 
 

 
1

4sCos tL e
st

     
  

 

 
 
 
 
MMuullttiipplliiccaattiioonn  TThheeoorreemm 
LLaappllaaccee  TTrraannssffoorrmm  ooff  tt..ff((tt))  

TThheeoorreemm:: If  L f(t) f(s) then    d dL t.f(t) L f(t) f(s)
ds ds
 

    

PPrrooooff:: By the definition   st

0
L f(t) f(s) e f(t)dt (1)


    

Differentiating (1) w.r.t. s, we get  

st st st st

0 0 0 0

d d df(s) e f(t)dt f(t) e dt f(t)( t)e dt e (t)f(t)dt
ds ds ds

   
            

   d df(s) L t.f(t) L t.f(t) f(s)
ds ds

    

   d dL t.f(t) L f(t) f(s)
ds ds
 

   

NNoottee:: In general,  
n

n n
n

dL t .f(t) ( 1) f(s)
ds

   

 
  
  
  
  

1 1
4s 4s

1
2

Cos tL e e
st s

        
  
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PPrroobblleemm:: Find i)  L tSin3tCos2t    ii)  2L t Sin2t    iii)  tL te Cosht      

             iv)   2 2tL t e Cost   v)  2tL te Sin3t   iv)  2 t 2L t e Cos t   

 
SSoolluuttiioonn:: i) Let  f(t) Sin3tCos2t     

   1 1f(t) 2Sin3tCos2t Sin5t Sint
2 2

     

Now     1L tSin3tCos2t L t Sin5t Sint
2

   

   1 L tSin5t L tSint
2
      

   1 d dL Sin5t L Sint
2 ds ds
 

  
 

            d dL t.f(t) L f(t) f(s)
ds ds
 

   

2 2
1 d 5 d 1
2 ds dss 25 s 1

    
      

     
  

2 2 2 2
1 10s 2s
2 (s 25) (s 1)

     
              

   

  2 2 2 2
1 10s 2sL tSin3tCos2t
2 (s 25) (s 1)

 
  

   
  

 
 
 
ii) Let  f(t) Sin2t     

Now    
2

2 2
2

dL t Sin2t ( 1) L (Sin2t)
ds

         
n

n n
n

dL t .f(t) ( 1) L f(t)
ds

   

2

2 2 2 2
d 2 d 2s2

dsds s 4 (s 4)

   
          

  

2 2 2

2 4
(s 4) ( 2) ( 2s)2(s 4)2s2

(s 4)

      
  

   

2 2 2
2

2 4 2 3
s 4 4s 3s 44(s 4) 4
(s 4) (s 4)

      
     
             

 

 
2

2
2 3

3s 4L t Sin2t 4
(s 4)

 
 
  
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iv)   2t 2L e t Cost  

Let 2f(t) t Cost  

     
2

2 2
2

dL f(t) L t Cost ( 1) L (Cost)
ds

    

2

2 2
d s
ds s 1

 
  

 
  

2

2 2
d (s 1)(1) s(2s)
ds (s 1)

   
  

  

2 2

2 2
d s 1 2s
ds (s 1)

  
 
  

 

2

2 2
d 1 s
ds (s 1)

  
  

  

2 2 2 2

2 2
(s 1) ( 2s) (1 s )2(s 1)2s

(s 1)

     
 
  

  

2 2
2

2 4
(s 1)( 2s) (1 s )4s(s 1)

(s 1)

      
  

 

3 3

2 3
2s 2s 4s 4s

(s 1)

     
  

  

3

2 3
2s 6s
(s 1)

 
 
  

  

 
3

2 3
2s 6sL f(t) f(s)
(s 1)

   
  

 

   2t 2 2tL e t Cost L e f(t)  

 
3

32

2(s 2) 6(s 2)f(s 2)
(s 2) 1

 
   
  
   
 

     By First Shifting Theorem
  

 atL e f(t) f(s a)    

  
DDiivviissiioonn  TThheeoorreemm 
LLaappllaaccee  TTrraannssffoorrmm  ooff  ff((tt))  bbyy  tt  

TThheeoorreemm:: If  L f(t) f(s) then  
s s

f(t)L L f(t) ds f(s)ds
t

  
  

 
    

PPrrooooff:: By the definition   st

0
L f(t) f(s) e f(t)dt (1)


    

Integrating (1) w.r.t. s from s to  we get  

st st

s s 0 0 s
f(s)ds e f(t)dt ds e ds f(t)dt

    
    

       
   

      

st st

0 0s

e ef(t)dt 0 f(t)dt
t t


     

     
      
    
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st

s 0 s

f(t) f(t)f(s)ds e dt L f(s)ds
t t

  
            

     
    

 
s s

f(t)L L f(t) ds f(s)ds
t

  
  

 
   

 
 

PPrroobblleemm::  Find (i) 
at bte eL

t

   
 
     

  (ii) Sin3tCostL
t

 
 
 

    (iii) 1 CosatL
t

 
 
 

    (iv) 
t1 eL

t
  
 
  

    (vi) Cos4tSin2tL
t

 
 
 

 

  

SSoolluuttiioonn::  (i) Let at btf(t) e e    

   at bt 1 1L f(t) L e e f(s)
s a s a

      
 

 

By division theorem  
s s

f(t)L L f(t) ds f(s)ds
t

  
  

 
   

at bt

s

e e 1 1L ds
t s a s b

              
  

s
s

s alog(s a) log(s b) log
s b


               

  

a
s
b
s s

1
log

1


  
  
    

 

a
s
b
s

11 0 s alog log log
1 0 s a1

                     

  

at bte e s aL log
t s a

            
 

 
 
 

(ii) Let    1 1f(t) Sin3tCost 2Sin3tCost Sin4t Sin2t
2 2

     

     2 2 2 2 2 2 2 2
1 1 4 2 2 1L f(t) L Sin4t Sin2t f(s)
2 2 s 4 s 2 s 4 s 2

   
          

      
 

By division theorem  
s s

f(t)L L f(t) ds f(s)ds
t

  
  

 
   

   1 1s s
4 22 2 2 2

s s

Sin3tCost 2 1 1 1L ds 2 Tan Tan
t 4 2s 4 s 2


     

        
     

  

                   1 1 1 1 1 1 1 1s s s s s s
4 2 4 2 4 2

1 1 1Tan Tan 2Tan Tan Tan Tan Cot Cot
2 2 2

                                
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(iii) 1 CosatL
t

 
 
 

 

Let f(t) 1 Cosat   

     2 2
1 sL f(t) L 1 Cosat f(s)
s s a
 

      
 

 

By division theorem  
s s

f(t)L L f(t) ds f(s)ds
t

  
  

 
   

   2 2 2 2
2 2

s s s

1 Cosat 1 1 2s 1 1 1L ds logs log s a .2logs log s a
t s 2 2 2 2s a

       
              

      
  

   2 2

2 2

2
2 2 2

2 2 a as
s s ss

1 1 s 1 1 1 1logs log s a log log log 1 log
2 2 2 2s a 1 1





                                                      

 

  2

2

2 2 2

2 2 2a
s

1 1 1 s 1 s alog 1 log 0 log log
2 2 2s a s1

                                  

 

2 2

2
1 Cosat 1 s aL log

t 2 s

   
       

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


